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Abstract 

Topological index is a numerical descriptor of a molecule; it is found that there is strong correlation between the 
proerties of chemical compounds and their molecular structure based on a specific topological feature of the 
corresponding molecular graph. In this paper, we introduce two new graph invariants known as the Multiplicative Y -
index and Multiplicative S-index of a graph. We establish the upper bounds for the Multiplicative Y-index and 
Multiplicative S-index of the graph operations such as Join, Cartesian product, Composition, Tensor product, Strong 
product, Disjunction, Symmetric difference, Corona product, Corona join product and the indices are evaluated for some 
well-known graphs. 
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1. Introduction

Graph theory has given chemists many useful tools, such as topological indices. Molecules and molecular compounds 
are frequently represented by molecular graphs. A topological index can be thought of as the conversion of a chemical 
structure into a real number. Topological and graph invariants based on distances between graph vertices are widely 
used for characterizing molecular graphs, establishing relationships between structural and property, properties of 
molecules, predicting biological activities of chemical compounds, and developing chemical applications. Topological 
indices have the significance of being able to be used directly as simple numerical descriptors in comparison with 
physical, chemical, or biological parameters of molecules in Quantitative Structure Property Relationships (QSPR) and 
Quantitative Structure Activity Relationships (QSAR). There are several types of topological indices, including distance-
based topological indices, degreebased topological indices, and counting-related polynomials and graph indices. In 
medicinal chemistry and bioinformatics, the current trend of numerical coding of chemical structures with topological 
indices or topological coindices has been quite successful. 

Let's consider two simple connected graphs, 𝐺𝑚  and 𝐺𝑛 , each with disjoint vertex and edge sets. For 𝑖 = 𝑚, 𝑛, 𝑔𝑖  and  ℎ𝑖  
represent the number of vertices and edges. The degree of a vertex 𝑣 is the number of edges incident on the vertex 𝑣 
and is expressed as  𝑑𝐺(𝑣) = 𝛽𝐺(𝑣) for every vertex  𝑣 ∈ 𝑉(𝐺). 

In 1972, I. Gutman and N. Trinajstic [5] defined the first and second Zagreb index of a graph as: 
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𝑀1(𝐺) = ∑ [𝛽𝐺(𝑣)2] =

𝑣∈𝑉(𝐺)

∑ [𝛽𝐺(𝑢) + 𝛽𝐺(𝑣)

𝑢𝑣∈𝐸(𝐺)

] 

𝑀2(𝐺) = ∑ [𝛽𝐺(𝑢)𝛽𝐺(𝑣)

𝑢𝑣∈𝐸(𝐺)

] 

B. Furtula and I. Gutman defined the F-index as [4] in 2015: 

                 𝐹(𝐺) = ∑ [𝛽𝐺(𝑣)3] =𝑣∈𝑉(𝐺) ∑ [𝛽𝐺(𝑢)2 + 𝛽𝐺(𝑣)2
𝑢𝑣∈𝐸(𝐺) ]  

In 2020, Abdu Alameri and Noman AI-Naggar [1] introduced the Y-index, which is defined as: 

                 𝑌(𝐺) = ∑ [𝛽𝐺(𝑣)4] =𝑣∈𝑉(𝐺) ∑ [𝛽𝐺(𝑢)3 + 𝛽𝐺(𝑣)3
𝑢𝑣∈𝐸(𝐺) ]    

In 2021, S. Nagarajan , G. Kayalvizhi and G. Priyadharsini defined the S-index as [8]: 

                 𝑆(𝐺) = ∑ [𝛽𝐺(𝑣)5] =𝑣∈𝑉(𝐺) ∑ [𝛽𝐺(𝑢)4 + 𝛽𝐺(𝑣)4
𝑢𝑣∈𝐸(𝐺) ]  

In 2010, R. Todeschini and D. Ballabio [11] introduced the first and second Multiplicative Zagreb indices of a graph, 
which is defined as: 

∏ (𝐺)1 = ∏ 𝛽𝐺(𝑣)2
𝑣∈𝑉(𝐺)  and  ∏ (𝐺)2 = ∏ 𝛽𝐺(𝑢)𝛽𝐺(𝑣)𝑢𝑣∈𝐸(𝐺)  

In 2019, Asghar Yousefi and Ali Iranmanesh [2] introduced the Multiplicative forgotten topological index, which is 
defined as: 

 ∏ (𝐺)𝐹 = ∏ 𝛽𝐺(𝑣)3
𝑣∈𝑉(𝐺)  

In (2013) C.D. Kinkar and Y. Aysum [7] derived graph operations in Multiplicative Zagreb indices . K. Xu and K.C. Das 
[12] computed the Multiplicative Zagreb coindices in (2013). In [2] Y. Asghar and Ali Iranmanesh (2019) derived the 
Multiplicative F-index of graph operations. In this paper, we evaluated few well-known graphs and expressions for the 
upper bounds for the Multiplicative Y -index and Multiplicative S-index of various graph operations. Investigators 
interested in learning more about graph operations can consult to [1,4,6,9,3,10,13]. 

Definition 1.1 

The Multiplicative 𝑌-index of a graph 𝐺 is defined as the product of a graph’s four degree vertices and is denoted by: 

 ∏ (𝐺)𝑌 = ∏ 𝛽𝐺(𝑣)4
𝑣∈𝑉(𝐺)  

Definition 1.2 

The Multiplicative 𝑆-index of a graph 𝐺 is defined as the product of a graph’s five degree vertices and is denoted by: 

 ∏ (𝐺)𝑆 = ∏ 𝛽𝐺(𝑣)5
𝑣∈𝑉(𝐺)  

Main Results 

Lemma 2.1: [7] (AM-GM inequality) 

Let 𝑥1, … , 𝑥𝑛 be a nonnegative numbers. Then 

             
𝑥1+⋯+𝑥𝑛

𝑛
≥ √𝑥1, … , 𝑥𝑛

𝑘   holds with equality if and only if 𝑥1 = 𝑥2 = ⋯ = 𝑥𝑛 . 

Corollary 2.2: For a graph 𝐺 with 𝑛 vertices, we’ve 
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∏(Pn) = 16n−2,

Y

  n ≥ 3 

∏(Cn) = 16n,

Y

  n ≥ 3 

∏(Sn) = (n − 1)4,

Y

  n ≥ 3 

∏(Wn) = 34(n−1)(𝑛 − 1)4,

Y

  n ≥ 3 

∏(Ln) = 34(n−1)164,

Y

  n ≥ 3 

∏(Kn) = (n − 1)4𝑛,

Y

  n ≥ 3 

Corollary 2.3: For a graph 𝐺 with 𝑛 vertices, we’ve 

∏(Pn) = 32n−2,

S

  n ≥ 3 

∏(Cn) = 32n,

S

  n ≥ 3 

∏(Sn) = (n − 1)5,

S

  n ≥ 3 

∏(Wn) = 35(n−1)(𝑛 − 1)5,

S

  n ≥ 3 

∏(Ln) = 35(n−1)324,

S

  n ≥ 3 

∏(Kn) = (n − 1)5𝑛,

S

  n ≥ 3 

1.1. The Join of graph 

The join 𝐺𝑚 + 𝐺𝑛 of graphs 𝐺𝑚  and 𝐺𝑛 with vertex sets 𝑉(𝐺𝑚) and 𝑉(𝐺𝑛) and edge sets 𝐸(𝐺𝑚) and 𝐸(𝐺𝑛) is the graph 
union 𝐺𝑚 ∪ 𝐺𝑛  together with all the edges between 𝑉(𝐺𝑚) and 𝑉(𝐺𝑛). Obviously|𝑉(𝐺𝑚 + 𝐺𝑛)| = |𝑉(𝐺𝑚)| + |𝑉(𝐺𝑛)| =
𝑝𝑚 + 𝑝𝑛,|𝐸(𝐺𝑚 + 𝐺𝑛)| = |𝐸(𝐺𝑚)| + |𝐸(𝐺𝑛)| + |𝑉(𝐺𝑚)||𝑉(𝐺𝑛)| = 𝑞𝑚 + 𝑞𝑛 + 𝑝𝑚𝑝𝑛 . 

𝛽𝐺𝑚+𝐺𝑛
(𝑣) = {

𝛽𝐺𝑚
(𝑣) + 𝑝𝑛,   𝑣 ∈ 𝑉(𝐺𝑚)

𝛽𝐺𝑛
(𝑣) + 𝑝𝑚 ,   𝑣 ∈ 𝑉(𝐺𝑛)

} 

Theorem 2.4: 

The Multiplicative 𝑌-index of 𝐺𝑚 + 𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚 + 𝐺𝑛) ≤ [
𝑌(𝐺𝑚)+4𝐹(𝐺𝑚)𝑝𝑛+6𝑀1(𝐺𝑚)𝑝𝑛

2+8𝑝𝑛
3𝑞𝑚+𝑝𝑛

4𝑝𝑚

𝑝𝑚
]
𝑝𝑚

×𝑌  

                              [
𝑌(𝐺𝑛)+4𝐹(𝐺𝑛)𝑝𝑚+6𝑀1(𝐺𝑛)𝑝𝑚

2 +8𝑝𝑚
3 𝑞𝑛+𝑝𝑚

4 𝑝𝑛

𝑝𝑛
]
𝑝𝑛
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The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚 + 𝐺𝑛) = ∏ 𝛽𝐺𝑚+𝐺𝑛
(𝑣)4

𝑣∈𝑉(𝐺𝑚+𝐺𝑛)𝑌  

                       = ∏ (𝛽𝐺𝑚
(𝑣) + 𝑝𝑛)

4
𝑣∈𝑉(𝐺𝑚) ∏ (𝛽𝐺𝑛

(𝑣) + 𝑝𝑚)
4

𝑣∈𝑉(𝐺𝑛)  

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚 + 𝐺𝑛) ≤ [
∑ (𝛽𝐺𝑚(𝑣)+𝑝𝑛)

4
𝑣∈𝑉(𝐺𝑚)

𝑝𝑚
]

𝑝𝑚

𝑌 × [
∑ (𝛽𝐺𝑛(𝑣)+𝑝𝑚)

4
𝑣∈𝑉(𝐺𝑛)

𝑝𝑛
]

𝑝𝑛

 

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each 𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈
𝑉(𝐺𝑛), 

                (𝛽𝐺𝑚
(𝑢𝑚) + 𝑝𝑛)

4
= (𝛽𝐺𝑚

(𝑣𝑚) + 𝑝𝑛)
4

 and (𝛽𝐺𝑛
(𝑢𝑛) + 𝑝𝑚)

4
= (𝛽𝐺𝑛

(𝑣𝑛) + 𝑝𝑚)
4

 

As a result, for each 𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                      𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

 𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 

Theorem 2.5: 

The Multiplicative 𝑆-index of 𝐺𝑚 + 𝐺𝑛 satisfies the below inequality, 

 ∏ (𝐺𝑚 + 𝐺𝑛) ≤ [
𝑆(𝐺𝑚)+5𝑌(𝐺𝑚)𝑝𝑛+10𝐹(𝐺𝑚)𝑝𝑛

2+10𝑀1(𝐺𝑚)𝑝𝑛
3+10𝑝𝑛

4𝑞𝑚+𝑝𝑛
5𝑝𝑚

𝑝𝑚
]
𝑝𝑚

×𝑆  

                              [
𝑆(𝐺𝑛)+5𝑌(𝐺𝑛)𝑝𝑚+10𝐹(𝐺𝑛)𝑝𝑚

2 +10𝑀1(𝐺𝑛)𝑝𝑚
3 +10𝑝𝑚

4 𝑞𝑛+𝑝𝑚
5 𝑝𝑛

𝑝𝑛
]
𝑝𝑛

 

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Cartesian product of graph 

The Cartesian product 𝐺𝑚 × 𝐺𝑛 of graphs 𝐺𝑚  and 𝐺𝑛𝑣 has the vertex set 𝑉(𝐺𝑚 × 𝐺𝑛) = 𝑉(𝐺𝑚) × 𝑉(𝐺𝑛) and (𝑢, 𝑥)(𝑣, 𝑦) 
is an edge of 𝐺𝑚 × 𝐺𝑛 if 𝑢𝑣 ∈ 𝐸(𝐺𝑚) and 𝑥 = 𝑦 , or 𝑢 = 𝑣 and 𝑥𝑦 ∈ 𝐸(𝐺𝑛).Obviously,|𝑉(𝐺𝑚 × 𝐺𝑛)| = |𝑉(𝐺𝑚)||𝑉(𝐺𝑛)| =
𝑝𝑚𝑝𝑛 , |𝐸(𝐺𝑚 × 𝐺𝑛)| = |𝐸(𝐺𝑚)||𝑉(𝐺𝑛)| + |𝐸(𝐺𝑛)||𝑉(𝐺𝑚)| = 𝑞𝑚𝑝𝑛 + 𝑞𝑛𝑝𝑚 . 

𝛽𝐺𝑚×𝐺𝑛
(𝑥1, 𝑥2) = 𝛽𝐺𝑚

(𝑥1) + 𝛽𝐺𝑛
(𝑥2) 

Theorem 2.6: 

The Multiplicative 𝑌-index of 𝐺𝑚 × 𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚 × 𝐺𝑛) ≤ [
𝑝𝑛𝑌(𝐺𝑚)+𝑝𝑚𝑌(𝐺𝑛)+8𝐹(𝐺𝑚)𝑞𝑛+6𝑀1(𝐺𝑚)𝑀1(𝐺𝑛)+8𝐹(𝐺𝑛)𝑞𝑚

𝑝𝑚𝑝𝑛
]
𝑝𝑚𝑝𝑛

𝑌  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs.  

Proof: 

Utilizing the multiplicative 𝑌-index definition, 
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 ∏ (𝐺𝑚 × 𝐺𝑛) = ∏ 𝛽𝐺𝑚×𝐺𝑛
(𝑣𝑚, 𝑣𝑛)4

(𝑣𝑚,𝑣𝑛)∈𝑉(𝐺𝑚×𝐺𝑛)𝑌  

                       = ∏ ∏ (𝛽𝐺𝑚
(𝑣𝑚) + 𝛽𝐺𝑛

(𝑣𝑛))
4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)  

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚 × 𝐺𝑛) ≤ [
∑ ∑ (𝛽𝐺𝑚(𝑣𝑚)+𝛽𝐺𝑛(𝑣𝑛))

4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑌  

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each (𝑢𝑚, 𝑢𝑛), (𝑣𝑚 , 𝑣𝑛) ∈ 𝑉(𝐺) 

                       (𝛽𝐺𝑚
(𝑢𝑚) + 𝛽𝐺𝑛

(𝑢𝑛))
4

= (𝛽𝐺𝑚
(𝑣𝑚) + 𝛽𝐺𝑛

(𝑣𝑛))
4

  

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                           𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 

Theorem 2.7: 

The Multiplicative 𝑆-index of 𝐺𝑚 × 𝐺𝑛 satisfies the below inequality, 

 ∏ (𝐺𝑚 × 𝐺𝑛) ≤ [

𝑝𝑛𝑆(𝐺𝑚)+𝑝𝑚𝑆(𝐺𝑛)+10𝑞𝑛𝑌(𝐺𝑚)+10𝐹(𝐺𝑚)𝑀1(𝐺𝑛)+10𝐹(𝐺𝑛)𝑀1(𝐺𝑚)+

10𝑌(𝐺𝑛)𝑞𝑚

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑆  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Composition of graph 

The Composition 𝐺𝑚[𝐺𝑛]  of graphs 𝐺𝑚  and 𝐺𝑛  with disjoint vertex sets 𝑉(𝐺𝑚)  and 𝑉(𝐺𝑛)  and edge sets 𝐸(𝐺𝑚)  and 
𝐸(𝐺𝑛) is the graph with vertex set 𝑉(𝐺𝑚) × 𝑉(𝐺𝑛) and 𝑢 = (𝑢1, 𝑣1) is adjacent to 𝑣 = (𝑢2, 𝑣2) whenever 𝑢1 is adjacent 
to 𝑢2  or 𝑢1 = 𝑢2  and 𝑣1 is adjacent to 𝑣2 . |𝑉(𝐺𝑚[𝐺𝑛])| = |𝑉(𝐺𝑚)||𝑉(𝐺𝑛)| = 𝑝𝑚𝑝𝑛 , |𝐸(𝐺𝑚[𝐺𝑛])| = |𝐸(𝐺𝑚)||𝑉(𝐺𝑛)|2 +
|𝑉(𝐺𝑚)||𝐸(𝐺𝑛)| = 𝑞𝑚𝑝𝑛

2 + 𝑞𝑛𝑝𝑚. 

                        𝛽𝐺𝑚[𝐺𝑛](𝑥1, 𝑥2) = 𝑝𝑛𝛽𝐺𝑚
(𝑥1) + 𝛽𝐺𝑛

(𝑥2) 

Theorem 2.8: 

The Multiplicative 𝑌-index of 𝐺𝑚[𝐺𝑛] satisfies the below inequality,  

 ∏ (𝐺𝑚[𝐺𝑛] ) ≤ [
𝑝𝑛

5𝑌(𝐺𝑚)+𝑝𝑚𝑌(𝐺𝑛)+8𝐹(𝐺𝑚)𝑝𝑛
3𝑞𝑛+6𝑝𝑛

2𝑀1(𝐺𝑚)𝑀1(𝐺𝑛)+8𝐹(𝐺𝑛)𝑝𝑛𝑞𝑚

𝑝𝑚𝑝𝑛
]
𝑝𝑚𝑝𝑛

𝑌  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚[𝐺𝑛]) = ∏ 𝛽𝐺𝑚[𝐺𝑛](𝑣𝑚, 𝑣𝑛)4
(𝑣𝑚,𝑣𝑛)∈𝑉(𝐺𝑚[𝐺𝑛])𝑌  

                       = ∏ ∏ (𝑝𝑛𝛽𝐺𝑚
(𝑣𝑚) + 𝛽𝐺𝑛

(𝑣𝑛))
4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)  

We now have, according to lemma 2.1, 
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 ∏ (𝐺𝑚[𝐺𝑛]) ≤ [
∑ ∑ (𝑝𝑛𝛽𝐺𝑚(𝑣𝑚)+𝛽𝐺𝑛(𝑣𝑛))

4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑌  

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each (𝑢𝑚, 𝑢𝑛), (𝑣𝑚 , 𝑣𝑛) ∈ 𝑉(𝐺) 

                       (𝑝𝑛𝛽𝐺𝑚
(𝑢𝑚) + 𝛽𝐺𝑛

(𝑢𝑛))
4

= (𝑝𝑛𝛽𝐺𝑚
(𝑣𝑚) + 𝛽𝐺𝑛

(𝑣𝑛))
4

  

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                           𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 

Theorem 2.9: 

The Multiplicative 𝑆-index of 𝐺𝑚[𝐺𝑛] satisfies the below inequality,  

 ∏ (𝐺𝑚[𝐺𝑛] ) ≤ [

𝑝𝑛
6𝑆(𝐺𝑚)+𝑝𝑛

5𝑌(𝐺𝑚)+𝑝𝑚𝑆(𝐺𝑛)+10𝑝𝑛
2𝐹(𝐺𝑛)𝑀1(𝐺𝑚)+10𝑝𝑛

3𝐹(𝐺𝑚)𝑀1(𝐺𝑛)+

10𝑌(𝐺𝑛)𝑝𝑛𝑞𝑚+10𝑌(𝐺𝑚)𝑝𝑛
4𝑞𝑛

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑆  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Tensor product of graph 

The Tensor product 𝐺𝑚⨂𝐺𝑛 of graphs 𝐺𝑚  and 𝐺𝑛 has the vertex set 𝑉(𝐺𝑚⨂𝐺𝑛 ) = 𝑉(𝐺𝑚) × 𝑉(𝐺𝑛) and (𝑢, 𝑥)(𝑣, 𝑦) is an 
edge of 𝐺𝑚 ⨁ 𝐺𝑛  if 𝑢𝑣 ∈ 𝐸(𝐺𝑚)  and 𝑥𝑦 ∈ 𝐸(𝐺𝑛) . Obviously, |𝑉(𝐺𝑚⨂𝐺𝑛)| = |𝑉(𝐺𝑚)||𝑉(𝐺𝑛)| = 𝑝𝑚𝑝𝑛, |𝐸(𝐺𝑚⨂𝐺𝑛)| =
2|𝐸(𝐺𝑚)||𝐸(𝐺𝑛)| = 2𝑞𝑚𝑞𝑛 . 

𝛽𝐺𝑚⨂𝐺𝑛
(𝑥1, 𝑥2) = 𝛽𝐺𝑚

(𝑥1)𝛽𝐺𝑛
(𝑥2) 

Theorem 2.10: 

The Multiplicative 𝑌-index of 𝐺𝑚⨂𝐺𝑛 is determined by  

                ∏ (𝐺𝑚⨂𝐺𝑛)𝑌 = ∏ (𝐺𝑚)𝑌 ∏ (𝐺𝑛)𝑌  

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚⨂𝐺𝑛) = ∏ 𝛽𝐺𝑚⨂𝐺𝑛
(𝑣)4

(𝑢𝑚,𝑣𝑛)∈𝑉(𝐺𝑚⨂𝐺𝑛)𝑌  

                       = ∏ (𝛽𝐺𝑚
(𝑢𝑚))

4

𝑢𝑚∈𝑉(𝐺𝑚) ∏ (𝛽𝐺𝑛
(𝑢𝑛))

4

𝑣𝑛∈𝑉(𝐺𝑛)  

We receive the complete result. 

Theorem 2.11: 

The Multiplicative 𝑆-index of 𝐺𝑚⨂𝐺𝑛 is determined by  

                ∏ (𝐺𝑚⨂𝐺𝑛)𝑆 = ∏ (𝐺𝑚)𝑆 ∏ (𝐺𝑛)𝑆  

The Strong product of graph 
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The Strong product 𝐺𝑚 ∗ Gn  of a graphs 𝐺𝑚  and Gn  is a graph with vertex set 𝑉(𝐺𝑚) × 𝑉(Gn) and any two vertices 

(𝑢𝑝, 𝑣𝑟) and (𝑢𝑞 , 𝑣𝑠) are adjacent if and only if [𝑢𝑝 = 𝑢𝑞  𝑎𝑛𝑑 𝑣𝑟𝑣𝑠 ∈ 𝐸(Gn)]  or [𝑣𝑟 = 𝑣𝑠  𝑎𝑛𝑑 𝑢𝑝𝑢𝑞 ∈ 𝐸(𝐺𝑚)] or [𝑢𝑝𝑢𝑞 ∈

𝐸(𝐺𝑚) 𝑎𝑛𝑑 𝑣𝑟𝑣𝑠 ∈ 𝐸(Gn) ] . |𝑉(𝐺𝑚 ∗ Gn )| = |𝑉(𝐺𝑚)||𝑉(Gn)| = 𝑝𝑚𝑝𝑛 , |𝐸(𝐺𝑚 ∗ Gn)| = |𝐸(𝐺𝑚)||𝑉(Gn)| +
|𝑉(𝐺𝑚)||𝐸(Gn)| + 2|𝐸(𝐺𝑚)||𝐸(Gn)| = 𝑞𝑚𝑝𝑛 + 𝑝𝑚𝑞𝑛 + 2𝑞𝑚𝑞𝑛 . 

               𝛽𝐺𝑚∗Gn (𝑥1, 𝑥2) = 𝛽𝐺𝑚
(𝑥1) + 𝛽Gn

(𝑥2) + 𝛽𝐺𝑚
(𝑥1)𝛽Gn

(𝑥2) 

Theorem 2.12: 

The Multiplicative 𝑌-index of 𝐺𝑚 ∗ 𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚 ∗ 𝐺𝑛) ≤

[
 
 
 
 
𝑌(𝐺𝑚)[4𝐹(𝐺𝑛)+6𝑀1(𝐺𝑛)+8𝑞𝑛+𝑝𝑛]+𝑌(𝑛)[4𝐹(𝐺𝑚)+6𝑀1(𝐺𝑚)+8𝑞𝑚+𝑝𝑚]

+4𝐹(𝐺𝑚)[3𝑀1(𝐺𝑛)+2𝑞𝑛]+4𝐹(𝐺𝑛)[3𝑀1(𝐺𝑚)+2𝑞𝑚]+𝑌(𝐺𝑚)𝑌(𝐺𝑛)

6𝑀1(𝐺𝑚)𝑀1(𝐺𝑛)+12𝐹(𝐺𝑚)𝐹(𝐺𝑛)

𝑝𝑚𝑝𝑛

]
 
 
 
 
𝑝𝑚𝑝𝑛

𝑌  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚 ∗ 𝐺𝑛) = ∏ 𝛽𝐺𝑚∗𝐺𝑛
(𝑣𝑚 , 𝑣𝑛)4

(𝑣𝑚,𝑣𝑛)∈𝑉(𝐺𝑚∗𝐺𝑛)𝑌  

                       = ∏ ∏ (𝛽𝐺𝑚
(𝑣𝑚) + 𝛽𝐺𝑛

(𝑣𝑛) + 𝛽𝐺𝑚
(𝑣𝑚)𝛽𝐺𝑛

(𝑣𝑛))
4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)  

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚 ∗ 𝐺𝑛) ≤ [
∑ ∑ (𝛽𝐺𝑚(𝑣𝑚)+𝛽𝐺𝑛(𝑣𝑛)+𝛽𝐺𝑚(𝑣𝑚)𝛽𝐺𝑛(𝑣𝑛))

4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑌  

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each (𝑢𝑚, 𝑢𝑛), (𝑣𝑚 , 𝑣𝑛) ∈ 𝑉(𝐺) 

 (𝛽𝐺𝑚
(𝑢𝑚) + 𝛽𝐺𝑛

(𝑢𝑛) + 𝛽𝐺𝑚
(𝑢𝑚)𝛽𝐺𝑛

(𝑢𝑛))
4

= (𝛽𝐺𝑚
(𝑣𝑚) + 𝛽𝐺𝑛

(𝑣𝑛) + 𝛽𝐺𝑚
(𝑣𝑚)𝛽𝐺𝑛

(𝑣𝑛))
4

  

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                           𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 

Theorem 2.13: 

The Multiplicative 𝑆-index of 𝐺𝑚 ∗ 𝐺𝑛  satisfies the below inequality,  

 ∏ (𝐺𝑚 ∗ 𝐺𝑛) ≤

[
 
 
 
 
 

𝑆(𝐺𝑚)[𝑝𝑛+𝑆(𝐺𝑛)+10𝑞𝑛+5𝑌(𝐺𝑛)+10𝑀1(𝐺𝑛)+10𝐹(𝐺𝑛)]+

𝑆(𝑛)[𝑝𝑚+10𝑞𝑚+5𝑌(𝐺𝑚)+10𝑀1(𝐺𝑚)+10𝐹(𝐺𝑚)]+𝑌(𝐺𝑚)

[10𝑞𝑛+20𝑌(𝐺𝑛)+20𝑀1(𝐺𝑛)+30𝐹(𝐺𝑛)]+10𝐹(𝐺𝑛)𝑀1(𝐺𝑚)

𝑌(𝐺𝑚)[10𝑞𝑚+20𝑀1(𝐺𝑚)+30𝐹(𝐺𝑚)]+𝐹(𝐺𝑚)[10𝑀1(𝐺𝑛)+30𝐹(𝐺𝑛)]

𝑝𝑚𝑝𝑛

]
 
 
 
 
 
𝑝𝑚𝑝𝑛

𝑆  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Disjunction of graph 
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The Disjunction 𝐺𝑚 ∨ Gn of a graphs 𝐺𝑚  and Gn is the graph with vertex set 𝑉(𝐺𝑚) × 𝑉(Gn) and 𝑢1𝑣1 is adjacent with 
𝑢2𝑣2  whenever 𝑢1𝑢2 ∈ 𝐸(𝐺𝑚)  and 𝑣1𝑣2 ∈ 𝐸(Gn) .  |𝑉(𝐺𝑚 ∨ Gn )| = |𝑉(𝐺𝑚)||𝑉(Gn)| = 𝑝𝑚𝑝𝑛 , |𝐸(𝐺𝑚 ∨ Gn)| =
|𝐸(𝐺𝑚)||𝑉(Gn)|

2 + |𝑉(𝐺𝑚)|2|𝐸(Gn)| − 2|𝐸(𝐺𝑚)||𝐸(Gn)| = 𝑞𝑚𝑝𝑛
2 + 𝑝𝑚

2 𝑞𝑛 − 2𝑞𝑚𝑞𝑛 . 

               𝛽𝐺𝑚∨Gn (𝑥1, 𝑥2) = 𝑝𝑛𝛽𝐺𝑚
(𝑥1) + 𝑝𝑚𝛽Gn

(𝑥2) − 𝛽𝐺𝑚
(𝑥1)𝛽Gn

(𝑥2) 

Theorem 2.14: 

The Multiplicative 𝑌-index of 𝐺𝑚 ∨ 𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚 ∨ 𝐺𝑛) ≤

[
 
 
 
 
 
 

𝑝𝑚𝑌(𝐺𝑛)[𝑝𝑚
4 +6𝑝𝑚𝑀1(𝐺𝑚)−4𝐹(𝐺𝑚)−8𝑝𝑚

2 𝑞𝑚]+12𝑝𝑚𝑝𝑛𝐹(𝐺𝑚)𝐹(𝐺𝑛)+

4𝑝𝑚
2 𝑝𝑛𝐹(𝐺𝑛)[2𝑝𝑚𝑞𝑚−3𝑀1(𝐺𝑚)]+6𝑝𝑚

2 𝑝𝑛
2𝑀1(𝐺𝑚)𝑀1(𝑛)+𝑌(𝐺𝑚)𝑌(𝐺𝑛)+

𝑝𝑛𝑌(𝐺𝑚)[𝑝𝑛
4+6𝑝𝑛𝑀1(𝐺𝑛)−4𝐹(𝐺𝑛)−8𝑝𝑛

2𝑞𝑛]+4𝑝𝑛
2𝑝𝑚𝐹(𝐺𝑚)

[2𝑝𝑛𝑞𝑛−3𝑀1(𝐺𝑛)]

𝑝𝑚𝑝𝑛

]
 
 
 
 
 
 
𝑝𝑚𝑝𝑛

𝑌  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚 ∨ 𝐺𝑛) = ∏ 𝛽𝐺𝑚∨𝐺𝑛
(𝑣𝑚, 𝑣𝑛)4

(𝑣𝑚,𝑣𝑛)∈𝑉(𝐺𝑚∨𝐺𝑛)𝑌  

                       = ∏ ∏ (𝑝𝑛𝛽𝐺𝑚
(𝑣𝑚) + 𝑝𝑚𝛽𝐺𝑛

(𝑣𝑛) − 𝛽𝐺𝑚
(𝑣𝑚)𝛽𝐺𝑛

(𝑣𝑛))
4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)  

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚 ∨ 𝐺𝑛) ≤ [
∑ ∑ (𝑝𝑛𝛽𝐺𝑚(𝑣𝑚)+𝑝𝑚𝛽𝐺𝑛(𝑣𝑛)−𝛽𝐺𝑚(𝑣𝑚)𝛽𝐺𝑛(𝑣𝑛))

4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑌  

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each (𝑢𝑚, 𝑢𝑛), (𝑣𝑚 , 𝑣𝑛) ∈ 𝑉(𝐺) 

(𝑝𝑛𝛽𝐺𝑚
(𝑢𝑚) + 𝑝𝑚𝛽𝐺𝑛

(𝑢𝑛) − 𝛽𝐺𝑚
(𝑢𝑚)𝛽𝐺𝑛

(𝑢𝑛))
4

= (𝑝𝑛𝛽𝐺𝑚
(𝑣𝑚) + 𝑝𝑚𝛽𝐺𝑛

(𝑣𝑛) − 𝛽𝐺𝑚
(𝑣𝑚)𝛽𝐺𝑛

(𝑣𝑛))
4

 

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                           𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 

Theorem 2.15: 

The Multiplicative 𝑆-index of 𝐺𝑚 ∨ 𝐺𝑛  satisfies the below inequality,  

 ∏ (𝐺𝑚 ∨ 𝐺𝑛) ≤

[
 
 
 
 
 
 
 
 
𝑝𝑛𝑆(𝐺𝑚)[𝑝𝑛

4+10𝑝𝑛
2𝑀1(𝐺𝑛)−10𝑝𝑛

3𝑞𝑛−10𝑝𝑛𝐹(𝐺𝑛)+5𝑌(𝐺𝑛)]−𝑆(𝐺𝑚)𝑆(𝐺𝑛)

𝑝𝑚𝑆(𝐺𝑛)[𝑝𝑚
4 +10𝑝𝑚

2 𝑀1(𝐺𝑚)−10𝑝𝑚
3 𝑞𝑚−10𝑝𝑚𝐹(𝐺𝑚)+5𝑌(𝐺𝑚)]+

𝑝𝑚𝑝𝑛𝑌(𝐺𝑚)[10𝑝𝑛
3𝑞𝑛−20𝑝𝑛

2𝑀1(𝐺𝑛)−20𝑌(𝐺𝑛)+30𝑝𝑛𝐹(𝐺𝑛)]+𝑝𝑚𝑝𝑛𝐹(𝐺𝑚)

[10𝑝𝑛
2𝑝𝑚𝑀1(𝐺𝑛)+30𝑝𝑚𝑌(𝐺𝑛)−30𝑝𝑚𝑝𝑛𝐹(𝐺𝑛)]+10𝑝𝑛

2𝑝𝑚
3 𝐹(𝐺𝑛)𝑀1(𝐺𝑚)+

𝑝𝑚𝑝𝑛𝑌(𝐺𝑛)[10𝑝𝑚
3 𝑞𝑚−20𝑝𝑚

2 𝑀1(𝐺𝑚)]

𝑝𝑚𝑝𝑛

]
 
 
 
 
 
 
 
 
𝑝𝑚𝑝𝑛

𝑆  
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The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Symmetric difference of graph 

The Symmetric Difference 𝐺𝑚 ⨁ Gn  of two graphs 𝐺𝑚  and Gn  is a graph with vertex set 𝑉(𝐺𝑚) × 𝑉(Gn)  and 
𝐸(𝐺𝑚 ⨁ Gn) = {(𝑢1, 𝑢2)(𝑣1, 𝑣2) 𝑢1𝑣1 ∈ 𝐸(𝐺𝑚) 𝑜𝑟 𝑢2𝑣2 ∈ 𝐸(Gn) 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑏𝑜𝑡ℎ ⁄ }  |𝑉(𝐺𝑚⨁Gn )| = |𝑉(𝐺𝑚)||𝑉(Gn)| =
𝑝𝑚𝑝𝑛 , |𝐸(𝐺𝑚⨁Gn)| = |𝐸(𝐺𝑚)||𝑉(Gn)|

2 + |𝑉(𝐺𝑚)|2|𝐸(Gn)| − 4|𝐸(𝐺𝑚)||𝐸(Gn)| = 𝑞𝑚𝑝𝑛
2 + 𝑝𝑚

2 𝑞𝑛 − 4𝑞𝑚𝑞𝑛 . 

               𝛽𝐺𝑚⨁Gn (𝑥1, 𝑥2) = 𝑝𝑛𝛽𝐺𝑚
(𝑥1) + 𝑝𝑚𝛽Gn

(𝑥2) − 2𝛽𝐺𝑚
(𝑥1)𝛽Gn

(𝑥2) 

Theorem 2.16: 

The Multiplicative 𝑌-index of 𝐺𝑚⨁𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚⨁𝐺𝑛) ≤

[
 
 
 
 
 
 
𝑝𝑚𝑌(𝐺𝑛)[𝑝𝑚

4 +24𝑝𝑚𝑀1(𝐺𝑚)−32𝐹(𝐺𝑚)−16𝑝𝑚
2 𝑞𝑚]+48𝑝𝑚𝑝𝑛𝐹(𝐺𝑚)𝐹(𝐺𝑛)

+8𝑝𝑚
2 𝑝𝑛𝐹(𝐺𝑛)[2𝑝𝑚𝑞𝑚−3𝑀1(𝐺𝑚)]+6𝑝𝑚

2 𝑝𝑛
2𝑀1(𝐺𝑚)𝑀1(𝑛)

+𝑝𝑛𝑌(𝐺𝑚)[𝑝𝑛
4+24𝑝𝑛𝑀1(𝐺𝑛)−32𝐹(𝐺𝑛)−16𝑝𝑛

2𝑞𝑛]+8𝑝𝑛
2𝑝𝑚𝐹(𝐺𝑚)

[2𝑝𝑛𝑞𝑛−3𝑀1(𝐺𝑛)]+16𝑌(𝐺𝑚)𝑌(𝐺𝑛)

𝑝𝑚𝑝𝑛

]
 
 
 
 
 
 
𝑝𝑚𝑝𝑛

𝑌  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚⨁𝐺𝑛) = ∏ 𝛽𝐺𝑚⨁𝐺𝑛
(𝑣𝑚, 𝑣𝑛)4

(𝑣𝑚,𝑣𝑛)∈𝑉(𝐺𝑚⨁𝐺𝑛)𝑌  

                       = ∏ ∏ (𝑝𝑛𝛽𝐺𝑚
(𝑣𝑚) + 𝑝𝑚𝛽𝐺𝑛

(𝑣𝑛) − 2𝛽𝐺𝑚
(𝑣𝑚)𝛽𝐺𝑛

(𝑣𝑛))
4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)  

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚⨁𝐺𝑛) ≤ [
∑ ∑ (𝑝𝑛𝛽𝐺𝑚(𝑣𝑚)+𝑝𝑚𝛽𝐺𝑛(𝑣𝑛)−2𝛽𝐺𝑚(𝑣𝑚)𝛽𝐺𝑛(𝑣𝑛))

4

𝑣𝑛∈𝑉(𝐺𝑛)𝑣𝑚∈𝑉(𝐺𝑚)

𝑝𝑚𝑝𝑛
]

𝑝𝑚𝑝𝑛

𝑌  

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each (𝑢𝑚, 𝑢𝑛), (𝑣𝑚 , 𝑣𝑛) ∈ 𝑉(𝐺) 

(𝑝𝑛𝛽𝐺𝑚
(𝑢𝑚) + 𝑝𝑚𝛽𝐺𝑛

(𝑢𝑛) − 2𝛽𝐺𝑚
(𝑢𝑚)𝛽𝐺𝑛

(𝑢𝑛))
4

= (𝑝𝑛𝛽𝐺𝑚
(𝑣𝑚) + 𝑝𝑚𝛽𝐺𝑛

(𝑣𝑛) − 2𝛽𝐺𝑚
(𝑣𝑚)𝛽𝐺𝑛

(𝑣𝑛))
4

 

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                           𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 

Theorem 2.17: 

The Multiplicative 𝑆-index of 𝐺𝑚⨁𝐺𝑛 satisfies the below inequality,  
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 ∏ (𝐺𝑚⨁𝐺𝑛) ≤

[
 
 
 
 
 
 
 
 

𝑝𝑛𝑆(𝐺𝑚)[𝑝𝑛
4+40𝑝𝑛

2𝑀1(𝐺𝑛)−20𝑝𝑛
3𝑞𝑛−80𝑝𝑛𝐹(𝐺𝑛)+80𝑌(𝐺𝑛)]+𝑝𝑚𝑆(𝐺𝑛)

[𝑝𝑚
4 +40𝑝𝑚

2 𝑀1(𝐺𝑚)−20𝑝𝑚
3 𝑞𝑚−80𝑝𝑚𝐹(𝐺𝑚)+80𝑌(𝐺𝑚)]+𝑝𝑚𝑝𝑛𝑌(𝐺𝑚)

[10𝑝𝑛
3𝑞𝑛−40𝑝𝑛

2𝑀1(𝐺𝑛)−160𝑌(𝐺𝑛)+120𝑝𝑛𝐹(𝐺𝑛)]+𝑝𝑚𝑝𝑛𝐹(𝐺𝑚)

[10𝑝𝑛
2𝑝𝑚𝑀1(𝐺𝑛)+120𝑝𝑚𝑌(𝐺𝑛)−60𝑝𝑚𝑝𝑛𝐹(𝐺𝑛)]+10𝑝𝑛

2𝑝𝑚
3 𝐹(𝐺𝑛)𝑀1(𝐺𝑚)+

𝑝𝑚𝑝𝑛𝑌(𝐺𝑛)[10𝑝𝑚
3 𝑞𝑚−40𝑝𝑚

2 𝑀1(𝐺𝑚)]−32𝑆(𝐺𝑚)𝑆(𝐺𝑛)

𝑝𝑚𝑝𝑛

]
 
 
 
 
 
 
 
 
𝑝𝑚𝑝𝑛

𝑆  

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Corona product of graph 

The Corona product  𝐺𝑚⨀Gn of graphs 𝐺𝑚  and Gn with disjoint vertex sets 𝑉(𝐺𝑚) and 𝑉(Gn) and edge sets 𝐸(𝐺𝑚) and 
𝐸(Gn) is the graph obtained by one copy of 𝐺𝑚  and 𝑘1 copies of  Gn and joining the 𝑖𝑡ℎ vertex of 𝐺𝑚  to every vertex in 𝑖𝑡ℎ 
copy of Gn . Obviously, |𝑉(𝐺𝑚⨀Gn)| = |𝑉(𝐺𝑚)| + |𝑉(𝐺𝑚)||𝑉(Gn)| = 𝑝𝑚 + 𝑝𝑚𝑝𝑛 , |𝐸(𝐺𝑚⨀Gn)| = |𝐸(𝐺𝑚)| +
|𝑉(𝐺𝑚)||𝐸(Gn)| + |𝑉(𝐺𝑚)||𝑉(Gn)| = 𝑞𝑚 + 𝑝𝑚𝑞𝑛 + 𝑝𝑚𝑝𝑛 . 

                    𝛽𝐺𝑚⨀Gn (𝑣) = {
𝛽𝐺𝑚

(𝑣) + 𝑝𝑛 , 𝑣 ∈ 𝑉(𝐺𝑚)

𝛽Gn
(𝑣) + 1 ,    𝑣 ∈ 𝑉(Gn)

} 

Theorem 2.18: 

The Multiplicative 𝑌-index of 𝐺𝑚⨀𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚⨀𝐺𝑛) ≤ [
𝑌(𝐺𝑚)+4𝐹(𝐺𝑚)𝑝𝑛+6𝑀1(𝐺𝑚)𝑝𝑛

2+8𝑝𝑛
3𝑞𝑚+𝑝𝑛

4𝑝𝑚

𝑝𝑚
]
𝑝𝑚

×𝑌  

                              [
𝑌(𝐺𝑛)+4𝐹(𝐺𝑛)+6𝑀1(𝐺𝑛)+8𝑞𝑛+𝑝𝑛

𝑝𝑛
]
𝑝𝑚𝑝𝑛

 

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚⨀𝐺𝑛) = ∏ 𝛽𝐺𝑚⨀𝐺𝑛
(𝑣)4

𝑣∈𝑉(𝐺𝑚⨀𝐺𝑛)𝑌  

                       = ∏ (𝛽𝐺𝑚
(𝑣) + 𝑝𝑛)

4
×𝑣∈𝑉(𝐺𝑚) [∏ (𝛽𝐺𝑛

(𝑣) + 1)
4

𝑣∈𝑉(𝐺𝑛) ]
𝑝𝑚

 

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚⨀𝐺𝑛) ≤ [
∑ (𝛽𝐺𝑚(𝑣)+𝑝𝑛)

4
𝑣∈𝑉(𝐺𝑚)

𝑝𝑚
]

𝑝𝑚

𝑌 × [
∑ (𝛽𝐺𝑛(𝑣)+1)

4
𝑣∈𝑉(𝐺𝑛)

𝑝𝑛
]

𝑝𝑚𝑝𝑛

 

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each 𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈
𝑉(𝐺𝑛), 

                (𝛽𝐺𝑚
(𝑢𝑚) + 𝑝𝑛)

4
= (𝛽𝐺𝑚

(𝑣𝑚) + 𝑝𝑛)
4

 and (𝛽𝐺𝑛
(𝑢𝑛) + 1)

4
= (𝛽𝐺𝑛

(𝑣𝑛) + 1)
4

 

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                      𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 
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Theorem 2.19: 

The Multiplicative 𝑆-index of 𝐺𝑚⨀𝐺𝑛 satisfies the below inequality, 

 ∏ (𝐺𝑚⨀𝐺𝑛) ≤ [
𝑆(𝐺𝑚)+5𝑌(𝐺𝑚)𝑝𝑛+10𝐹(𝐺𝑚)𝑝𝑛

2+10𝑀1(𝐺𝑚)𝑝𝑛
3+10𝑝𝑛

4𝑞𝑚+𝑝𝑛
5𝑝𝑚

𝑝𝑚
]
𝑝𝑚

×𝑆  

                              [
𝑆(𝐺𝑛)+5𝑌(𝐺𝑛)+10𝐹(𝐺𝑛)+10𝑀1(𝐺𝑛)+10𝑞𝑛+𝑝𝑛

𝑝𝑛
]
𝑝𝑛

 

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

The Corona join product of graph 

Let 𝐺𝑚(𝑘1, 𝑗1) and 𝐺𝑛(𝑘2, 𝑗2) be simple connected graphs, and the Corona join graph of 𝐺𝑚  and 𝐺𝑛 is obtained by taking 
one copy of 𝐺𝑚 , 𝑘1 copies of 𝐺𝑛 , and joining each vertex of the 𝑖𝑡ℎ copy of 𝐺𝑛 with all vertices of 𝐺𝑚 . The degree of a 
vertex 𝑣 of 𝐺𝑚⨁𝐺𝑛 is defined as: 

 𝛽𝐺𝑚⨁Gn (𝑣) = {
𝛽𝐺𝑚

(𝑣) + 𝑝𝑚𝑝𝑛 , 𝑣 ∈ 𝑉(𝐺𝑚)

𝛽Gn
(𝑣) + 𝑝𝑚 ,              𝑣 ∈ 𝑉(Gn)

} 

Theorem 2.20: 

The Multiplicative 𝑌-index of 𝐺𝑚⨁𝐺𝑛 satisfies the below inequality,  

 ∏ (𝐺𝑚⨁𝐺𝑛) ≤ [
𝑌(𝐺𝑚)+4𝐹(𝐺𝑚)𝑝𝑚𝑝𝑛+6𝑀1(𝐺𝑚)𝑝𝑚

2 𝑝𝑛
2+8𝑝𝑚

3 𝑝𝑛
3𝑞𝑚+𝑝𝑛

4𝑝𝑚
5

𝑝𝑚
]
𝑝𝑚

×𝑌  

                              [
𝑌(𝐺𝑛)+4𝐹(𝐺𝑛)𝑝𝑚+6𝑀1(𝐺𝑛)𝑝𝑚

2 +8𝑝𝑚
3 𝑞𝑛+𝑝𝑚

4 𝑝𝑛

𝑝𝑛
]
𝑝𝑚𝑝𝑛

 

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

Proof: 

Utilizing the multiplicative 𝑌-index definition, 

 ∏ (𝐺𝑚⨁𝐺𝑛) = ∏ 𝛽𝐺𝑚⨁𝐺𝑛
(𝑣)4

𝑣∈𝑉(𝐺𝑚⨁𝐺𝑛)𝑌  

                       = ∏ (𝛽𝐺𝑚
(𝑣) + 𝑝𝑚𝑝𝑛)

4
×𝑣∈𝑉(𝐺𝑚) [∏ (𝛽𝐺𝑛

(𝑣) + 𝑝𝑚)
4

𝑣∈𝑉(𝐺𝑛) ]
𝑝𝑚

 

We now have, according to lemma 2.1, 

 ∏ (𝐺𝑚⨁𝐺𝑛) ≤ [
∑ (𝛽𝐺𝑚(𝑣)+𝑝𝑚𝑝𝑛)

4
𝑣∈𝑉(𝐺𝑚)

𝑝𝑚
]

𝑝𝑚

𝑌 × [
∑ (𝛽𝐺𝑛(𝑣)+𝑝𝑚)

4
𝑣∈𝑉(𝐺𝑛)

𝑝𝑛
]

𝑝𝑚𝑝𝑛

 

We get the inequality. The inequality exists, according to lemma 2.1, if and only if for each 𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈
𝑉(𝐺𝑛), 

      (𝛽𝐺𝑚
(𝑢𝑚) + 𝑝𝑚𝑝𝑛)

4
= (𝛽𝐺𝑚

(𝑣𝑚) + 𝑝𝑚𝑝𝑛)
4

 and (𝛽𝐺𝑛
(𝑢𝑛) + 𝑝𝑚)

4
= (𝛽𝐺𝑛

(𝑣𝑛) + 𝑝𝑚)
4

 

As a result, for each  𝑢𝑚𝑣𝑚 ∈ 𝑉(𝐺𝑚) and 𝑢𝑛𝑣𝑛 ∈ 𝑉(𝐺𝑛), 

                      𝛽𝐺𝑚
(𝑢𝑚) = 𝛽𝐺𝑚

(𝑣𝑚), 𝛽𝐺𝑛
(𝑢𝑛) = 𝛽𝐺𝑛

(𝑣𝑛) 

𝐺𝑚  and 𝐺𝑛 are thus both regular graphs and we receive the complete result. 
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Theorem 2.21: 

The Multiplicative 𝑆-index of 𝐺𝑚⨁𝐺𝑛 satisfies the below inequality, 

 ∏ (𝐺𝑚⨁𝐺𝑛) ≤ [

𝑆(𝐺𝑚)+5𝑌(𝐺𝑚)𝑝𝑚𝑝𝑛+10𝐹(𝐺𝑚)𝑝𝑚
2 𝑝𝑛

2+10𝑀1(𝐺𝑚)𝑝𝑚
3 𝑝𝑛

3+10𝑝𝑚
4 𝑝𝑛

4𝑞𝑚

+𝑝𝑛
5𝑝𝑚

6

𝑝𝑚
]

𝑝𝑚

×𝑆  

                              [
𝑆(𝐺𝑛)+5𝑌(𝐺𝑛)𝑝𝑚+10𝐹(𝐺𝑛)𝑝𝑚

2 +10𝑀1(𝐺𝑛)𝑝𝑚
3 +10𝑝𝑚

4 𝑞𝑛+𝑝𝑚
5 𝑝𝑛

𝑝𝑛
]
𝑝𝑛

 

The equality holds if and only if 𝐺𝑚  and 𝐺𝑛 are regular graphs. 

2. Conclusion 

Topological indices are defined and used in many fields to investigate the properties of various objects such as atoms 
and molecules. Mathematicians and chemists have defined and studied a number of topological indices. We investigated 
upper bound for the Multiplicative Y -index and Multiplicative S-index of various graph operations such as Join, 
Cartesian product, Composition, Tensor product, Strong product, Disjunction, Symmetric difference, Corona product, 
Corona join product and few well known graphs are evaluated in this work. 

Compliance with ethical standards 

Disclosure of conflict of interest 

No conflict of interest to be disclosed.  

References 

[1]  A. Alameri, N. AI-Naggar, M. AI-Rumaima, M. Alsharafi, Y-index of some graph operations, Int. J. Appl. Eng. Res. 
15 (2) (2020) 173-179.    

[2]  Y. Asghar, Ali Iranmanesh, A Multiplicative version of forgotten topological index, Math. Interdis. Res. 4 (2019) 
193-211. 

[3]  N. De, S. Nayeem, A. Pal, The F-index of some graph operations, Discrete Math. Algo. Appl. 8 (2) (2016) 1650025. 

[4]  B. Furtula, I. Gutman, A forgotten topological index, J. Math. Chem. 53 (4) (2015) 1184-1190. 

[5]  I. Gutman, N. Trinajstic, Graph theory and molecular orbitals. Total ϕ-electron energy of alternant hydrocarbons. 
Chemical Physics Letters 17 (4) (1972) 535–538. 

[6]  A. Ilic and B. Zhou, On reformulated Zagreb indices, Discrete. Appl. Math. 160 (2012) 204-209. 

[7]  C. D. Kinkar, Y. Aysun, T. Muge, The multiplicative Zagreb indices of graph operations, Jour. Inequ. and Appl. 
(2013) 1-14.  

[8]  S. Nagarajan, G. Kayalvizhi, G. Priyadharsini, S-index of different graph operations, Asian. Res. Jour. of Math. 17 
(12) (2021) 43-52.    

[9]  De. Nilanjan, Sk. Md. Abu Nayeem, Reformulated first Zagreb index of some graph operations, Mathematics. 3 
(2015) 945-960. 

[10]  G. Su, L. Xiong, On the maximum and minimum first reformulated Zagreb index with connectivity atmost K, 
Filomat. 2 (2011) 75-83.    

[11]  R. Todeschini, V. Consonni, New local vertex invarients and molecular descriptors based on functions of the 
vertex degrees, MATCH Commun. Math. Comput. Chem. 64 (2010) 359-372. 

[12]  K. Xu, K. C. Das, K. Tang, On the multiplicative Zagreb coindex of graphs, Opuscula Math. 33 (1) (2013) 191-204.  

[13]  B. Zhou, N. Trinajstic, Some properties of the reformulated Zagreb indices, J. Math. Chem. 48 (2010) 714-719. 

 


